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Quantitative Interferometry in the Severe Acoustic
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Understanding fundamental � uidic dynamic and acoustic processes in high-speed jets requires quantitative
velocity, density, and temperature measurements. We demonstrate a new, robust liquid crystal point diffraction
interferometer (LCPDI) that includes phase stepping and can provide accurate data even in the presence of
intense acoustic � elds. This novel common path interferometer was developed to overcome dif� culties with the
Mach–Zehnder interferometer in vibratory environments and is applied here to the case of a supersonic shock-
containing jet. The environmentally insensitive LCPDI, which is easy to align and capable of measuring optical
wavefronts with high accuracy, is brie� y described, and then integrated line of sight density data from the LCPDI
for two underexpanded jets are presented.

I. Introduction

T HERE is renewed interestin the studyof supersonicjets as a re-
sult of advances in high-speedjet propulsion,supersonic com-

bustion,and jet noisesuppressionfor the next-generationsupersonic
commercial transport. Understanding fundamental � uid dynamic
and acoustic processes for these applications requires quantitative
velocity, density, and temperature measurements. Thermocouples
and pressure transducers can measure these parameters at discrete
points, but these devices are invasive and alter the � ow that they
measure. Optical methods such as schlieren� ow visualizationhave
beenused to get real-time,qualitativedata,but it is dif� cult to extract
quantitativedata from schlieren images. Laser velocimetry, particle
image velocimetry,and Doppler global velocimetryare used for ve-
locitymeasurementsbut requireseeding.Rayleigh scatteringcan be
used for planar density, temperature, velocity, and species measure-
ments. Interferometryalso yieldsdensity data, but to date it has been
dif� cult to make quantitativeinterferometricmeasurementsbecause
of the high vibration environments associated with supersonic jets.
This severe acoustic environment includes the three components of
supersonic jet noise (Fig. 1). One of them is a discrete tone referred
to as jet screech.1 The other two are shock-associatednoise and jet
mixing noise, both broadband sources. The screech resonance in-
volves growing hydrodynamic disturbances in the shear layer that
interact with the shocks to produce acoustic waves. These waves
then propagate upstream and excite hydrodynamic disturbances at
the nozzle exit, thus closing the resonant loop. The screech phe-
nomenon can produce sound pressure levels in excess of 160 dB in
the vicinity of the jet.2 This phenomenon has been linked to struc-
tural damage in aircraft engine exhaust nozzles, premature wear
in protective coatings, and increased engine noise. Details of the
screech process and recent advances are described in Raman.3 In
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this paper our focus is restricted to the demonstration of a robust
interferometer that can provide accurate data even in the presence
of intense acoustic � elds.

An interferometer by de� nition requires two coherent beams to
interfere, and environmentalvibration and thermal disturbancesaf-
fect the reference arm as well as the object arm making it dif� cult
to isolate the information of interest. To extract quantitative results
from interferometers, phase-shifting interferometry was developed
(e.g., Greivenkamp and Bruning4). It works on the principle that an
interferogram, i.e., a sinusoidal function generated by the coherent
interferenceof two optical waves, representsan equationwith three
unknowns: a dc bias, contrast, and phase. Therefore any of these
three unknownscan be determined providedat least three equations
exist.

Multipleequationsare obtainedby recording interferogramswith
known phase differencesadded to the phasebetween the two optical
waves. These equations are represented by

In.x; y/ D Iavg.x; y/ C ´.x; y/ cos[Á.x; y/ C µn ] (1)

where In is the intensity in the nth recorded interferogram, Iavg

is the average intensity, ´ is the pattern contrast, Á is the phase
difference between the two optical waves, µn is an added phase,
and (x; y) indicates that the variable is de� ned at each pixel in the
recorded digital images. The phase Á is directly related to the gas
density and is therefore the quantity of interest. This phase can
be calculated simply and robustly by setting n D 1; 2; 3; 4; 5 and
µn D n¼=2 (Ref. 5); knowledge of Iavg and ´ is then not required
provided they remain constantover the sequenceof interferograms.

The challenge is to generate the required sequence of ¼=2 phase
steps. This is straightforward for conventional two-beam interfer-
ometers like the Mach–Zehnder; typically a mirror in one beam is
mounted on a piezoelectric device to precisely change the optical
path length. However, two-beam interferometers require a refer-
ence optical path, which must not experience � ow disturbances. In
large facilities this reference path can be quite long, and in noisy
environmentsit is dif� cult to isolate even short paths from air turbu-
lence. Single interferograms of jets have been recorded using short
exposures and small facilities,6 but fringe-trackingor Fourier trans-
form techniques must be used for data processing. Common-path
interferometers7 have been used to reduce the effect of environmen-
tal noise; they work because the reference beam travels the same
path as the object beam, and so noise affects both beams in the same
way. Because interferometry works by detecting phase differences
between two beams, common disturbancesdo not affect the result.
A modi� ed point diffraction interferometer, the liquid crystal point
diffraction interferometer (LCPDI) was developed to both generate
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phasesteps for automateddata processingandprovidethe simplicity
and robust performanceof a common-path interferometer8 (Fig. 2).
This interferometerwas developedfor space � ight experiments9 and
is appliedhere to the case of a supersonicshock-containingjet. The
LCPDI and the experiments are described, a density distribution
measured simultaneouslyusing the LCPDI and a Mach–Zehnder is
presented, and � ow measurements from LCPDI data are presented.

Fig. 1 Typical narrowband spectrum for an underexpanded jet show-
ing the three distinct components of supersonic jet noise.

Fig. 2 Schematic of LCPDI.

Fig. 3 Experimental con� guration for simultaneous LCPDI and Mach–Zehnder data acquisition.

II. Experiment
The integrated line-of-sight density of a free jet was measured

simultaneouslywith the LCPDI and a Mach–Zehnder interferome-
ter. The experimental apparatus is shown in Fig. 3. The optical path
unique to the Mach–Zehnder is shown as double-hatchedlines, the
optical path unique to the LCPDI is shown single-hatched,and the
path common to both interferometers is shown cross-hatched. A
frequency-doubled,diode-pumped YAG laser operating at 532 nm
was attenuated to 5 mW by a neutral density � lter and directed
by mirror M1 to a beam expander, which generated a collimated
beam. Beamsplitter BS1 transmitted 50% of the beam to form the
Mach–Zehnder’s referencearm. The re� ectedbeam was directedby
mirror M3 to pass just downstreamof a 4.5-mm-i.d. circular nozzle.
Beamsplitter BS2 transmitted 50% of this beam to form the Mach–

Zehnder’s object beam, which was recombined, with the reference
beam by beamsplitter BS3. These beams were recorded by camera
CAM2. The beam re� ected by BS2 was focused by a f=2.6 Cooke
Triplet lens nearlyonto the LCPDI. The LCPDI consistsof two glass
plates with a 9-¹ gap � lled with nematic liquid crystals and 9-¹
microspheres. The LCPDI is positioned so that the focused beam
illuminatesone microsphere. (In practice, it is dif� cult to illuminate
just one microsphere; instead, two or more microspheres are gener-
ally present.This causes extraneousinterference,which is probably
the primarycontributorto the phasenoise reportedin Sec. III.)Some
of the light passes around the microsphere through the liquid crys-
tals, and some of the light is diffracted by the microsphere forming
a spherical wave. This spherical wave has the object information
� ltered out through the diffraction process and therefore serves as
the reference wave. The light that is not diffracted retains the object
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informationand serves as the object beam. The referenceand object
waves travelcolinearlyto cameraCAM1 where theycombinecoher-
ently to form an interferogram.Both cameras were 8-bit, 752 £ 480
pixel charge-coupled device cameras, imaging a � eld of view of
20 £ 12:7 mm for a spatial resolution of 0.026 mm/pixel.

Phase steppingis accomplishedin theMach–Zehnderbyapplying
a sequence of dc voltages to a piezoelectric element in mirror M2.
This changesthe path lengthof the referencebeam (hence its phase)
while leaving the object beam unaffected.Phase stepping is accom-
plished in the LCPDI by applying a sequence of ac voltages across
indium tin oxide electrodes deposited on the inner surfaces of the
glass plates (Fig. 2). This changesthe refractiveindexof thebirefrin-
gent liquid crystals and steps the phase of the object beam passing
through them while leaving the phase of the diffracted reference
beam unchanged. For conventional phase-stepping interferometry
only the phase differencebetween the object and referencebeams is
expected to change.The LCPDI containsdye within the liquid crys-
tal layer to attenuate the object beam. This attenuationchangeswith
applied voltage, and so the data processing was modi� ed to reduce
phase measurement error associated with this intensity variation.10

In both cases the phase Á is measured by recording a sequence
of � ve interferograms with an additional ¼=2 radian phase step
addedeach time. Each interferogramwas recordedwith an exposure
time of 1

30 s and a delay of 2 s between frames to ensure that the
liquid crystals were properly oriented. The data acquisition time
was therefore 8.3 s. A sequence of � ve frames was recorded with
the jet on and then again with the jet off to provide a background
measurement.A phase map was calculatedfromeach of the two sets
of � ve frames, and the two phase distributionswere then subtracted
to produce a single array containing the optical phase difference
between the � ow and no-� ow conditions. This array had the same
number of elements as the recording camera.

The integrated line-of-sightgas density ½ is determined from the
measured phase difference

Z L

0

½.x; y/ ds D ¸

2¼ K
1Á.x; y/ C L½0 (2)

1Á is byVest,11 where¸ is the laserwavelength, K is theGladstone–

Dale constant, L is the physical path length through the jet, and ½0

is the no-� ow density. For the data presented here ¸ D 532:0 nm,
K D 0:2270 cm3/g (Vest11 ), L D 50 cm, and ½0 D 1:205 kg/m3 .

If the � ow under study is two-dimensional, then the preceding
integral simpli� es to L½ , and the density is simply calculated. If
the � ow is axisymmetric, then an Abel transform can be used to
calculate the radial distribution of density at each axial location.
The calculation of this transform using data from the LCPDI is
greatly simpli� ed because the high spatial resolution of the data
eliminates the need for interpolation.12 If a fully three-dimensional
� ow is of interest, then data must be taken from multiple views and
reconstructed tomographically.

III. Experimental Uncertainty
The uncertaintyof the measureddensity is determinedas follows.

Because the density itself is extracted in one of the three ways just
outlined, only the uncertainty in the line-of-sight integrated density
is calculated. De� ne the relative, integrated density Q as

Q ´
Z L

0

½ ds ¡ L½0 (3)

The (x; y) notation has been dropped for convenience. It is readily
seen from Eq. (2) that Q is proportional to ¸ and 1Á and inversely
proportionalto K . The relativeuncertaintyin Q is thereforeequal to

¾Q=Q D
p

.¾¸=¸/2 C .¾K =K /2 C .¾1Á=1Á/2 (4)

For ¾¸ D 0:1 nm, ¾K D 0:0001cm3/g, and the values for ¸ and K just
given, the � rst two squaredtermsequal0.02and0.04%,respectively.
Because these uncertainties in the wavelength and Gladstone–Dale
constant are so small, the density uncertainty closely approximates
the phase measurement uncertainty for phase measurement uncer-
tainties greater than 1 deg. Therefore, if the phase is measured to

1 deg, ¾1Á=1Á D 1
360 and ¾Q =Q D 0:3%. The relative density un-

certainty is ·1% for measured phase uncertainties ·3:6 deg, and
the density is known to ·10% if the measured phase is determined
within 36 deg. The standard deviation for the measured phase is
4 deg,and the data presentedhere spannedaboutsix interferencecy-
cles. Uncorrelatedspecklefromframe-to-frameand optical interfer-
ence from themultiplemicrospheresdescribedin Sec. II causenoisy
interferograms, which increase the measured phase uncertainty to
this level. This analysis holds for any single-pass interferometer.

IV. Results
Figure 4 shows a spark-schlierenphotographof the intenseacous-

tic environment produced by an underexpanded jet at a fully ex-
panded Mach number M j of 1.4. A larger-scale rectangular nozzle
with exit dimensions of 8:89 £ 0:635 cm was used for this visual-
ization. The view shown in Fig. 4 is that of the narrow dimension
of the nozzle. The oscillatory motion of the entire jet and feedback
shocks in the near� eld are clearly visible. Sound pressure levels in
the near � eld for such jets are generally in excess of 160 dB in the
near� eld. The feedback shock waves (occurring outside the � ow
region) appear to originate at the end of the third shock cell.

In the rest of this section, we will focus on the advantagesof us-
ing the LCPDI technique to study such � ows that produce a highly
disturbed environment. For the interferometry measurements two
convergent nozzles were used: a circular nozzle with an inner di-
ameter of 4.5 mm and a rectangular nozzle with inner dimensions
1:27 £ 6:10 mm. The rectangular nozzle was oriented with its long
axis parallel to the optic axis. Compressed air was used as the gas,
and the fully expanded jet Mach number was 1.26 and 1.66 for the
circular and rectangular nozzles, respectively.

Figure 5 shows the results for both the LCPDI and the Mach–

Zehnder interferometers. The gray scale images are coded so that

Fig. 4 Spark-schlieren photograph showing an underexpanded
screeching jet at Mj = 1.4.

Fig. 5 Line-of-sight integrated density distribution downstream of a
circular jet measured with a) LCPDI and b) Mach–Zehnder interfer-
ometer.
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a)

b)

Fig. 6 Measured line-of-sight integrated density for a) circular and b)
rectangular jets. Flow is from left to right.

darker grays indicate lower density. In both cases three shock cells
are clearly present. The LCPDI has the uniform background that
one would expect for this � ow. The background in the Mach–

Zehnder data shows a periodic structure that is characteristic of
phase-stepping errors indicating that the reference beam did not
remain unchanged during the data acquisition. This � gure clearly
shows the improved performance of the LCPDI’s common path
design. The data reduction was automated by the phase-stepping
process.

The integrated density distributions represented by Eq. (2) for
the circular and rectangular nozzles are shown in Figs. 6a and 6b,
respectively. No smoothing has been done on these data, but the
images were cropped down to 500 £ 350 pixels to more clearly
show the features of interest.Both images are shown with the same
gray scale; the rectangular jet has a much larger density variation
than the circular. The Mach diamonds are clearly visible in both
images as the regions of darkest color (lowest density).

Cross sections along the centerlinefrom both data sets are shown
in Fig. 7. These data were averaged over a neighborhood of seven
pixels. Again, this is the line-of-sight integral of density divided
by optical path length so the vertical axis is best interpreted as an
arbitrary scale. Both data sets are plotted to the same scale. The � at
line at the left in both cases represents the nozzle with � ow from
left to right. From this plot the shock spacing for each nozzle can
be determined. The spacing for the rectangular nozzle is 4.40 mm
and for the circular nozzle 4.32 mm.

Seiner and Norum13 measured the shock-cell spacing from cir-
cular nozzles that had various design Mach numbers and provided
a simple correlation for their data. Their correlation agreed reason-
ablywith the theoreticalwavelengthderivedbyPack.14 For a circular
jet with a design Mach number of 1, Seiner and Norum13 showed
that the average shock spacing can be represented by L=D D a
(M 2

j ¡ 1/b=2, where M j is the fully expanded jet Mach number,
a D 1:16, and b D 1:0. The shock-cell spacing (L=h) for rectan-
gular jets can be calculated using models developed by Tam15 and

Table 1 Calculated and measured shock spacings

Normalized shock
Total spacing (L=D; L=h )

pressure,
Nozzle psig Experimental Calculated % Difference

Circular 23.56 0:96 § 0:02 0.90 (Seiner) 6.25
Rectangular 53.0 3:46 § 0:06 3.475 (Tam) 0.43
Rectangular 53.0 3:46 § 0:06 3.325 (Morris) 3.90

Fig. 7 Line-of-sight integrated density along center plane for circular
and rectangular underexpanded jets.

Morris et al.16 Tam15 used the Prandtl approach14 and considered
the shock-cell system in the jet column to be bounded by a mix-
ing layer that was approximated by a vortex sheet. The problem
was then solved by eigenfunctionexpansion,and the solution to the
eigenvalue problem yielded the explicit shock-cell spacing. Morris
et al.16 also used the vortexsheetmodel but used a boundaryelement
capable of accommodating nozzles with arbitrary cross sections to
obtain the results. A comparison between the presentmeasured val-
ues and those of Tam15 and Morris et al.16 is given in Table 1. The
agreement between the experimental and theoretical data is very
good. Such linear shock-cell models are only expected to be accu-
rate at low levels of underexpansionbefore the end of the � rst shock
cell turns into a Mach disk.

V. Conclusions
A new, robust, phase-stepping,common-path interferometerwas

used to measure the density distribution in a free jet. This interfer-
ometer has superior vibration insensitivity compared to the Mach–

Zehnder interferometer because of its common path design. This
is useful for vibratory environments where a reference beam must
travel long distances and can be easily disturbed.The present tech-
nique uses a microsphere in a liquid crystal layer to locally generate
a referencebeamthat is not easilydisturbed.The LCPDI is designed
to work with a single microsphere, but in practice that has been dif-
� cult to achieve. Instead, several microspheres are present, causing
extraneous interference. Also, dye is required in the liquid crystal
layer to attenuate the object beam. Currently this dye changes its
attenuation with applied voltage and requires more complex data
processing than standard phase-stepping interferometers. Work is
underway to correct these defects, but even with these drawbacks
the datapresentedhere show that theLCPDI producesuseful results.

Although previous interferometry techniqueshad the potential to
produce quantitative density data, they were not very widely used
because fringe-tracking methods are often tedious, subjective, and
prone to errors. The present work uses a LCPDI with the phase-
shifting technique to generate information required to solve three
different equations for the unknown phase distribution. In addition,
automatic data acquisitionand data reductioneliminate the “trained
eye” requirements of fringe-trackingmethods.

Underexpanded supersonic jets were selected for the present
study because they produce very intense acoustic tones with
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near-� eld levels in excessof 160 dB. In addition,the underexpanded
jet also displays very organized and drastic density changes that
were resolved in detail by the present technique for both rectangu-
lar and circular geometries. Shock spacing was also measured for
two nozzles, and the results compared favorably to theory.

The LCPDI is thus an easy-to-use interferometer that works in
harsh environments, is easy to align, and is capable of measuring
optical wavefronts with high accuracy. This technique has the po-
tential for very wide use for density measurements in research and
industrial situations. Because the data acquisition time was nomi-
nally 8 s, only steady-state � ows can currently be measured. It is
believed that this acquisition time can be reduced to 0.5 s/frame by
judicious application of stepping voltages.
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